We study the Navier-Stokes steady states for a low density monodisperse hard sphere granular gas (i.e, a hard sphere ideal monatomic gas with inelastic interparticle collisions). We present a classification of the uniform steady states that can arise from shear and temperature (or energy input) applied at the boundaries (parallel walls). We consider both symmetric and asymmetric boundary conditions and find steady states not previously reported, including sheared states with linear temperature profiles. We provide explicit expressions of the hydrodynamic profiles for all these steady states. Our results are validated by the numerical solution of the Boltzmann kinetic equation for the granular gas obtained by the direct simulation Monte Carlo method. We discuss the physical origin of the new steady states and derive conditions for the validity of Navier-Stokes hydrodynamics.
Introduction
The kinetic theory of non-uniform gases has advanced significantly in the last few decades (Hilbert 1912; Chapman & Cowling 1970; Grad 1963; Ernst 1973) . For instance, the Chapman-Enskog method (Chapman & Cowling 1970) , which allows the determination of the transport coefficients associated with the equations of evolution of the average fields n, v and T (density, flow velocity and granular temperature, respectively), has recently been successfully extended to granular gases, where energy is not conserved in the collisions (Goldhirsch 2003) . There continues to be some debate regarding the validity of some of the assumptions made in the Chapman-Enskog method applied to granular gases (Goldhirsch 2003) . Nonetheless, this work has produced a series of results that can help explain important features observed in real or computer experiments (for example, nonequipartition in granular gases mixtures, Garzó & Dufty 1999; Barrat & Trizac 2002a; Wildman & Parker 2002) .
The use, in the macroscopic balance equations for a granular gas, of the constitutive equations of the stress tensor and heat flux and the corresponding hydrodynamic coefficients yields a new fluid mechanics ("granulodynamics") from which many interesting transport phenomena arise (Goldhirsch 2003) .
In the hydrodynamic equations a nonuniform temperature profile arises from the effects of viscous heating (in cases where there is shear), collisional cooling, and thermal transport. It has been shown that a hard-disk or hard-sphere system that is sheared and heated by two identical infinite parallel walls can have a temperature profile of negative curvature (when viscous heating exceeds collisional cooling, see Tij, Tahiri, Montanero, Garzó, Santos & Dufty 2001) , positive curvature (when the reverse is true), or a flat temperature profile (Campbell 1989) . This last condition, occurring when viscous heating and collisional cooling exactly balance, is called Uniform Shear Flow (USF), and has been extensively studied (Goldhirsch 2003) . In the case of a heated gas (with no shear), temperature profiles with positive curvature (Barrat & Trizac 2002b ) and a special case with linear profile (Brey, Cubero, F. Moreno & Ruiz-Montero 2001) have been reported.
In this work we extend the study of the "granulodynamic" steady states to situations where the two parallel boundaries are not identical, so that the temperature at the boundaries (or boundary energy flux) is different. We show that the temperature profile curvature (positive, negative or null) is determined by an interplay of collisional cooling and viscous heating in the bulk of the fluid and also the specific values of the temperature of the granular fluid at the boundaries of the system. This produces some surprising results, for instance, we find that effects of the temperature boundary conditions may compensate collisional cooling in the bulk even in the absence of shearing and produce a steady temperature profile with negative curvature (only observed previously in sheared gases, Tij et al. 2001; Barrat & Trizac 2002b; Brey et al. 2000) , and we find that it is possible for a sheared granular gas to have a perfectly linear temperature profile and that this happens even though collisional cooling and viscous heating are not balanced. We determine from hydrodynamic equations the conditions needed to obtain the new steady profiles. Our results should be applicable for any granular flow in the Navier-Stokes (NS) regime (i.e. low density and inelasticity, as quantified below) that is driven by parallel walls. In an experiment or numerical simulation the specifics of the walls (e.g. amount and type of roughness) will determine the boundary conditions (e.g. the magnitude of velocity discontinuity and temperature or heat input rate), but the flow away from the wall is determined solely by the hydrodynamics, and therefore would be described by the profiles identified here.
The structure of the paper is as follows: In § 2, we introduce the problem with the existing kinetic and hydrodynamic theory that is relevant for this work, and also define the relevant microscopic length and time scales. In § 3 we determine the differential equations for the steady temperature and flow velocity profiles that result from the Navier-Stokes equations for the granular gas. In § 4, the core of the work, we obtain all possible types of unidimensional steady profiles (steady base states): in § 4.1 we write the differential equations in reduced magnitudes; the resulting form of these equations allows us to concisely define in § 4.2 a reference constant value for the ratio between microscopic and hydrodynamic length scales (i.e., the Knudsen number); in § 4.3 we obtain analytical solutions of the steady hydrodynamic profiles and describe the general properties of the resulting temperature profiles; finally, in § 4.4 we give the classification of the different types of base steady states and flows in granular gases, in the case of constant pressure. We end with § 5, where we compare our theory with simulation data obtained by the direct simulation Monte Carlo method.
Brief Kinetic theory background

Kinetic equation and continuum balance equations
We begin with the single particle distribution function f (r, v, t). The kinetic equation that describes the time evolution of f (r, v, t) has the form
where
The total temporal change in the distribution function (noted with the D operator) is exactly balanced by the interparticle collisions (J [r, v|f (t) ] represents the collision operator). In our hard-sphere system, all collisions are binary and particle positions and velocities are assumed to be statistically independent; i.e., J is the Boltzmann operator for a granular gas (Brey, Dufty, Kim & Santos 1998; Sela & Goldhirsch 1998) , and thus the system is described by the Boltzmann equation for the granular gas. The loss of kinetic energy in the granular gas due to collisions is determined by the coefficient of normal restitution α, which is defined by the following relation between pre-collisional (g ) and post-collisional (g) particle relative velocities (Goldhirsch 2003) : g = g −(1+α)(g ·σ)σ, where σ is the d-dimensional particle diameter andσ is a unit vector directed in the line connecting the centers of the colliding particles.
With the sole assumptions of mass and momentum conservation in the collisions and from integration of the Boltzmann equation ×{1, mv, mv 2 /2} the mass, momentum and energy balance equations become (Brey et al. 1998; Goldhirsch 2003; Sela & Goldhirsch 1998) 
2)
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where D/Dt ≡ ∂/∂t + u · ∇ is the material derivative, m the particle mass, and n is the particle density, u the flow velocity, T the temperature, P the stress tensor and q the heat flux (see Brey et al. 1998; Goldhirsch 2003 , and references therein for more details on the definitions and derivations). The rate at which kinetic energy is lost in the collisions, the cooling rate, is denoted as ζ. It may be noticed that the balance in (2.4) between the term coming from viscous heating (the first term in the right hand side) and the collisional cooling (the second term in the left hand side) will determine the gradient of the heat flux in the steady state. If we can express P, q and ζ as functionals of the average fields n(r, t), u(r, t), T (r, t) (2.2)-(2.4) becomes a closed, solvable set of equations in n(r, t), u(r, t), T (r, t). This may be achieved (Brey et al. 1998; Chapman & Cowling 1970) if we can express the space and time dependence of the single particle distribution function through the fields: f [v|n, u, T ] (hydrodynamic description). A method used to obtain systematically f [v|n, u, T ] is the Chapman-Enskog procedure (Chapman & Cowling 1970) , where a parametric expansion of f (r, v, t) is developed, and for which a formal parameter ε is chosen in such a way that a factor ε is assigned to each ∇ operator acting on n(r, t), u(r, t) or T (r, t). The method and the hydrodynamic description itself are valid only for sufficiently small gradients of n, u, T ; meaning that the typical microscopic length scale λ (the particle mean free path) must be small enough compared to the typical system macroscopic length scale L (determined by the gradients of n, u, T ): λ/L 1. Or, equivalently, we may use the relation between time scales: the 'macroscopic' time scale 1/ν h (determined by a typical flow velocity and the system length scale L) should be large compared to the 'microscopic' time scale 1/ν (ν, the collision frequency); i.e, ν h /ν 1. For small enough λ/L, we may retain in the Chapman-Enskog expansion only terms up to first order in the gradients, and in this case we find the following constitutive relations for the stress tensor and heat flux 6) where p = nk B T is the hydrostatic pressure, the coefficients η and κ are known as the viscosity and heat conductivity respectively, and µ is a coefficient that only appears when energy is not conserved in the collisions (Brey et al. 1998) . Inserting (2.5), (2.6) into the balance equations (2.2)-(2.4) we obtain the Navier-Stokes equations for the granular gas.
The microscopic length and time scales
For the microscopic length and time scales we will use the mean free path λ and collision frequency ν defined at an arbitrary reference point, λ r and ν r , determined according to
is a constant that depends on the system's dimension d, and v 0r = (2k B T r /m) 1/2 , T r and n r = p r /(k B T r ) indicate respectively the values of thermal velocity, temperature and density at the reference point. The choice of reference microscopic length and time scales simplifies the non-dimensionalization of the differential equations (2.2)-(2.4).
The gradients of the hydrodynamic fields n, T, u define three different macroscopic scales L. This means that for each point we have three different values of the nondimensional reference parameter λ r /L (and, analogously, for ν h /ν r ). We will pick the maximum among these three values as our definition of Knudsen Kn.
Hydrodynamic transport coefficients
From dimensional considerations in (2.2)-(2.4) with (2.5)-(2.6), the hydrodynamic NavierStokes coefficients have the following form (Chapman & Cowling 1970; Brey et al. 1998) 
1/2 the viscosity and κ 0 (T ) = κ 0 T 1/2 the thermal conductivity for an elastic hard disk/sphere gas (Chapman & Cowling 1970; Brey et al. 1998) . The parameters η 0 , κ 0 are independent of the temperature (Chapman & Cowling 1970) : Figure 1 . Schematic view of the system subject of study. The granular gas is heated and sheared from two infinite parallel walls.
for hard spheres have been calculated by Brey and collaborators. We use these functions, which, with the same notation, may be found in Brey et al. (1998) for spheres and in for a ddimensional system. Transport coefficients in the quasielastic limit (Sela & Goldhirsch 1998 ) and for moderate density granular gases (Jenkins & Richman 1985) and coefficients obtained from expansions from arbitrary reference states (Lutsko 2006) can also be used.
Hydrodynamic steady states
Let us first consider a system with two parallel walls in the planes y = −h/2 and y = +h/2 and two other parallel walls at z = −h z /2 and at z = h z /2. The system is infinite in the x direction. Additionally, the walls at y = −h/2 and y = +h/2 may be moving in the x direction, in general with different velocities, so that the granular fluid adjacent to the walls has velocities v w (−h/2) = U wd e x and v w (+h/2) = U wu e x respectively, where e j is a unitary vector in the j direction. (In situations where the no-slip condition is not applicable, the velocity of the fluid will not be the same as the adjacent wall, but that does not affect our analysis.) The walls at z = −h z /2 and z = +h z /2 are not moving. We will not assume any particular kind of boundary conditions (i.e., any functions u(v w , T w ), T (v w , T w ) at the boundaries), so that our results should apply regardless of the nature of heat exchange at the boundaries. Note that all conclusions below may be applied to an analogously sheared two-dimensional system (disks), by suppressing variable z (and its boundary conditions) at all places. The base steady state of the system is a unidirectional flow, whose velocity field in its most general form is:
We will study steady states (∂/∂t = 0) that are uniform in the direction of the flow (∂u x /∂x = 0), and that have ∂p/∂x = 0 and we will also assume that the system is uniform in the z direction, ∂/∂z = 0. Notice that in general we may have p = p(x). We have two different subclasses of stationary solutions, depending on whether of not ∂p/∂x equals zero (Batchelor 1967) . For example, in uniform incompressible fluids in two dimensions there are two cases of unidirectional steady flows; the linear velocity profile for ∂p/∂x = 0 and the quadratic velocity profile for ∂p/∂x = const. = 0 (Batchelor 1967) . (For a compressible fluid, like our granular gas, the problem with ∂p/∂x = 0 would be much more complex). The term ∂p/∂x accounts for a pressure gradient that may exist in the flow direction for multiple reasons. For example, it may account for a pressure gradient due to a gravitational field in the x direction, in which case p would stand for the "modified pressure", as defined by Batchelor (1967) . Even if there is no such pressure gradient, the influence of the boundary layer may yield a non-constant pressure, and thus the description in this work would not be appropriate for this situation. This may happen if a very strong shear is applied to the gas, but fortunately, recent results show that there is a very wide range of values of shear for which the constant pressure profile occurs (Vega Reyes, Garzó & Santos 2008) .
Thus our analysis is appropriate for a system that is infinite in the z direction, or for a system where the influence of the top and bottom walls is confined to a small region of the flow, or for a strictly two-dimensional system. A schematic view of the system is depicted in figure 1. With these assumptions, the hydrodynamic problem needs 4 boundary conditions to be closed (two for each T and u x ). Condition ∂u x /∂x = 0 immediately yields, from the momentum balance equation (2.3): ∂p/∂y = ∂p/∂z = 0. From the continuity equation (2.2): ∂u x /∂x = (u x /n)∂n/∂x, ∂u x /∂x = 0 implies also ∂n/∂x = 0. Thus, our steady states have the general form: u = u(y)e x , T = T (y), while p is a constant.
The Navier-Stokes equations for the steady state, taking into account the system symmetries, we derive from (2.3) and (2.4)
. In (3.1) we have integrated once over y, with γ the resulting integration constant, which we call shear rate; and in (3.2) we have taken into account that for constant pressure (T 3/2 /n)(∂n/∂y) = − √ T (∂T /∂y).
4. Analytic solution of unidimensional steady states with zero pressure gradient
Differential equations
All of the partial derivatives in (3.1) and (3.2) have a prefactor √ T , so that with the use of a scaled variable l such that T /T r ∂/∂y = ∂/∂l, the previously non-linear differential equations (3.1) and (3.2) become linear in the new variable (a similar change of variable was used by Brey, Santos & Dufty 1987 , for studying non-linear Couette flow in an elastic gas). The use of the extra factor 1/T r allows us to preserve the dimensionality of the spatial gradients in the new variable. Notice also that the summands in (3.1) and (3.2) have dimensions of ν h and (m/k B )ν 2 h respectively, which set two characteristic (inverse) time scales for the gradients of u and T . Thus, expressing equations (3.1), (3.2) as a function of derivatives in the scaled variable l and dividing them by ν r and (m/k B )ν 2 r respectively, we obtain the following linear and dimensionless differential equations
where we denote the corresponding dimensionless magnitude of T asT , etc. The parametersγ andΓ(α) read
. The dimensionless magnitudeΓ(α) represents the reduced collisional cooling rate minus the viscous heating rate (coming from the term proportional toγ 2 ), and because of this we will call it the effective cooling rate. The equilibrium between collisional cooling and viscous heating essentially determines the curvature of the temperature as a function of the scaled variablel, but, as we will see in § 4.3, it does not the determine the curvature ofT (ŷ).
Reduced gradients
∂û/∂l is of the order of ν h /ν r (or equivalently, of the order of λ r /L) and ∂ 2T /∂l 2 is of the order of (ν h /ν r ) 2 (i.e., of the order of (λ r /L) 2 ). Therefore, from (4.1, 4.2), |γ|/η * (α) and |Γ(α)| 1/2 set two constant scales for the two (reduced) spatial gradients in the problem, and thus they are two good choices for a reference Knudsen number Kn. The question remains: what is the appropriate choice of the reference point at which ν r is measured? We find the answer if we realize that the derivative ∂/∂l will be always larger than ∂/∂ŷ if our reference point is located where the granular temperature is minimum (since ∂/∂ŷ = T r /T ∂/∂l), which assures that a small derivative inl is also small in the natural variableŷ. Thus, from |γ|/η * (α) and |Γ(α)| 1/2 we get the magnitude Kn m , which is the minimum Kn (Knudsen number as defined in §2.2) that is possible for a given α. If the conditions |γ|/η * (α) 1 and |Γ(α)| 1/2 1 are not fulfilled for a given α, then the Navier-Stokes approach is not consistent for this α.
The reduced shear rateγ is determined by the applied boundary conditions: the pressure constant p and the temperature and flow velocity at the walls (which determine γ). Thus, our first scale for hydrodynamic gradients is determined mainly by the boundary conditions (η * (α) has little influence since η * (α) is close to 1 for the whole range of values of the coefficient of restitution we consider in this work, see Brey et al. 1998) . By contrast, inelasticity has a strong influence onΓ(α) (4.2). The first term in the right hand side of the factor inside brackets in (4.4) is exclusively determined by the fluid properties: the coefficient of restitution, mainly through the function ζ * (α) (again, η * (α) is always close to one), in the case of smooth hard spheres. The other term is equal toγ 2 , which causes the two reduced gradients scales be necessarily related, if condition Kn 1 is to be fulfilled: the collisional cooling term must be necessarily small, in order to allow simultaneously |γ|/η * (α), |Γ(α)| 1/2
1. In any case, the relation between the gradients of the two fields does not imply they are not in general independent of each other.
For instance, let us consider the first derivative ∂T /∂l =Γ(α)l + A (A is a constant), which may be large even for |Γ(α)| 1/2 , |γ|/η * (α) 1. The constant A is related to the relative difference of the temperatures at the boundaries. This allows us to recall again that |Γ(α)| 1/2 , |γ|/η * (α) 1 is a condition of minima: it means that, if it holds, ranges of validity of the Navier-Stokes description do exist for our granular gas, as long as the boundary conditions are not too extreme.
Thus, we have characterized a reference Knudsen number in the system which is straightforward to calculate, based on two constant magnitudes. This criterion may also be of some use in aerodynamics, where the question of scale separation is also of interest (Bird 1983; Boyd & Chen 1995) .
Properties of steady temperature profiles (with or without shear)
The solution of (4.2), valid for all values ofγ andΓ(α), in terms of the variablel, is straightforward:T
where A and B are integration constants, which do not preclude any specific form of the physical boundary conditions associated with the temperature.
The change of variable we use is convenient because it does not change the sign of the first derivative: ∂T /∂l has the same sign as ∂T /∂ŷ, and also ∂T /∂l = 0 if and only if ∂T /∂ŷ = 0. We must analyze more carefully the second derivatives:
Relations (4.6, 4.7) imply that, for finite temperature, the curvature ofT (ŷ) is either non-null ∀l,ŷ, if Φ(α) = 0, or null ∀l,ŷ if Φ(α) = 0. Furthermore, the sign of Φ(α) yields the sign of the curvature ofT (ŷ). Thus, we call Φ(α), defined in (4.7), the temperature curvature parameter. As we see, the temperature profile curvature is determined by the cooling and viscous heating rate balance, throughΓ(α), and also the boundary conditions for the temperature, through constants A, B. Thus, because of the temperature dependence of the hydrodynamic coefficients, a net thermal flux can reduce or even reverse the effects of the heating and cooling balance on the temperature profile.
Since ∂/∂l ≡ T ∂/∂ŷ, we can write
where y 0 is an integration constant, to be determined by boundary conditions. Integration of (4.8) involves the square root of the temperature, and for this reason, simpler expressions result if we first rewriteT (l) as a function of terms of the form (l − l 0 ) 2 . The equality (4.5) may be rewritten, forΓ(α) = 0, aŝ
Given that the granular temperature cannot be negative, we have the following possible combinations, depending on the sign of L 0 : for L 0 > 0 both upper and lower signs before 
Notice the special case Φ(α) = 0 (A 2 = 2Γ(α)B), for which the relation (4.10) between the sets of constants {Γ(α), A, B} and {L 0 , l c , l 0 } is indeterminate. In fact, the case A 2 = 2Γ(α)B corresponds necessarily to the less general form
which is fulfilled if and only if A 2 = 2Γ(α)B (i.e., Φ(α) = 0), and the relation between the constants is
Thus, a linearT (ŷ) profile (because Φ(α) = 0) necessarily has the form (4.11) in the variablel. The existence of linear temperature profiles in granular gases heated from the boundaries (and sheared or not) has not been reported in previously, except for a special case in a non-sheared granular gas . Note also that, since the granular temperature cannot be negative, the linear temperature profile (4.11) is only possible for L 0l > 0; i.e.,Γ(α) > 0. Inserting (4.11) in the integral in (4.8) we obtain y = y 0 ± L 1/2 0ll (l − 2l 0l )/2, and using this back in (4.11) we obtain
where the plus and minus signs stand forl − l 0 > 0 andl − l 0 < 0 respectively. In the case of a sheared system (γ = 0), once (4.8) is integrated the solution of the velocity profile is obtained using (4.1)
where C is a constant of integration, that in the following we set equal to zero by a Galilean transformation.
General classification of steady hydrodynamic profiles (with or without shear)
Therefore, depending on the values ofΓ(α), Φ(α) and the constants A and B, we have found the following steady profiles:
• Viscous heating greater than collisional cooling (Γ(α) < 0, only with shear):
• Temperature profile T (y) with negative curvature (Φ(α) < 0):
• Viscous heating equal to collisional cooling (Γ(α) = 0, only with shear).
• Temperature profile T (y) with negative curvature, but linear T (u x ) (Φ(α) < 0 and A = 0): • Collisional cooling greater than viscous heating (Γ(α) > 0, with or without shear).
• Temperature profile T (y) with negative curvature (Φ(α) < 0), but positive curvature for
• Linear temperature profile T (y) (Φ(α) = 0):
• Temperature profile T (y) with positive curvature (Φ(α) > 0):
Flow velocity profiles are obtained by making the substitutionl = (η * (α)/γ)û x in (4.15)-(4.20). In the case of the new linear temperature profile forΓ(α) > 0, among the two analytically possible (symmetric) solutions of the velocity profile resulting from (4.20) only one is physically possible, the one fulfilling sg(∂û x /∂ŷ) = sg(γ/η * (α)), since
. Also, from (4.16), note that for the caseΓ(α) = 0, A = 0 the range of flow velocity is limited to Aη * (α)û x /γ + B > 0, asT (ŷ) > 0. Also, note that the caseΓ(α), Φ(α) = 0 corresponds to the uniform shear flow (USF), which has been extensively studied (Campbell 1989) .
Comparison with Monte Carlo simulations and discussion
By inspecting (4.3, 4.4), we may calculate Kn − and Kn + , which stand for the Kn m , as defined in § 4.2, associated to unidirectional flows withΓ(α) 0 andΓ(α) > 0, respectively. It is also of interest to analyze Kn m for the caseΓ(α) > 0 with no shear (γ = 0), which we denote as Kn 0 . We represent in Fig. 2 Kn m (α) up to the transition region from Navier-Stokes to Burnett order, usually taken in the range of Kn = 0.1 (Agarwal et al. 2001) . These plots provide values of the minimum degree of elasticity needed to allow Navier-Stokes regime, depending on the type of steady base state. From figure 2 it is evident that Kn − , and thus the Knudsen number for USF (Kn − indicates the value of Kn for whichΓ(α) = 0), is always the largest of the three and the most rapidly growing. Other values, outside the range in the graph, are: Kn − = 0.337 for α = 0.9, and Kn − = 0.527 for α = 0.7. Nevertheless, for α > 0.995 the system has a Kn − well inside values 1, and thus, there are uniform shear flows that may be described by the NavierStokes hydrodynamics. Another interesting result in Fig. 2 is that the sheared states are less restrictive compared to the non-sheared ones (as Kn 0 > Kn + , systematically). This means, surprisingly, that applying a temperature source plus a shear may increase the microscopic-macroscopic scale separation, compared to the situation of not applying a shear. This is of course true as long as the applied shear is not large, for a given microscopic scale. Perhaps another interesting conclusion from figure 2 is that NavierStokes hydrodynamics does not guarantee a correct description of steady shear flows in the granular gas for α < 0.95.
In order to qualitatively asses the reliability of the interpretation of results in Fig.  2 , we have performed computer simulations of the USF based on the direct simulation Monte Carlo (DSMC) method (as implemented by Montanero et al. 1999) . Concretely, we look at the normal stress differences, a non-linear effect (beyond NS) that appears in the problem for high enough Knudsen number (Sela & Goldhirsch 1998) . Thus, we plot in figure 3 the values of 1 − P ii /P yy (with i = x, z) for the USF in a low density granular gas. As we can see, the values of 1 − P ii /P yy are very close to zero (within less of a 1 % of difference) for α > 0.995 but 1 − P xx /P yy starts increasing significantly (i.e. NS starts failing) for α < 0.995 (for more simulation data of normal stress differences in a smooth and rough hard sphere granular gas, please see Montanero et al. 1999; Campbell 1989, respectively) . The results in figure 3 are in agreement with the range for which Kn − (figure 2) becomes not negligible, which gives consistency to our analysis †.
A more severe test is to compare directly the hydrodynamic steady profiles resulting from DSMC simulations with the theoretical predictions of our study, particularly for non-homogeneous states. We have carried out DSMC simulations, as implemented by Vega Reyes et al. (2008) in their DSMC results for the Boltzmann equation. We focus on the perhaps two most appealing new steady states we have found, i.e., the cases with linear temperature profile: linearT (û) (i.e., withΓ(α) = 0 and Φ(α) < 0) and linear T (ŷ) (i.e., withΓ(α) > 0 and Φ(α) = 0). We present the results in figure 4, for α = 0.99 (α sufficiently high to allow Navier-Stokes hydrodynamics, following the results in figure  2 ). The agreement between the theoretical and the DSMC profiles is excellent for both † It is also interesting to note that, following our analysis, estimations of Kn in experimental works with similar geometry can be easily obtained, if the experimentalT (ŷ) andû(ŷ) are known; for example: cases. The deviation from a linear profile is just 0.54% and 0.73% respectively (see figure  4 caption for more details). To our knowledge these are the first results from a numerical solution of the Boltzmann equation for a sheared granular gas showing steady states with linear temperature profiles, in contrast with the traditional assumption that these profiles should have curvature, with the sole exception of the USF. We have performed a series of simulations with decreasing shear rate and have found all the profiles corresponding to the theoretical solutions (4.15)-(4.20) (see supplementary material). At high shear rate, a state withΓ(α), Φ(α) < 0 is found. Decreasing the shear rate, we reach a flow withΓ(α) = 0, Φ(α) < 0 (or the USF, withΓ(α) = 0, Φ(α) = 0 if the fluid near both walls is at the same temperature). If we further decrease shear rate we find states withΓ(α) > 0 with, consecutively, Φ(α) < 0, Φ(α) = 0, Φ(α) > 0 (or only Φ(α) > 0 if the fluid near both walls is at the same temperature) †. Furthermore, we found the same sequence of steady states for simulations far from the Navier-Stokes order, which is an indication of the validity of our description beyond the range of small Kn. This is perhaps not surprising since Tij et al. (2001) have shown that for a granular gas (and also, for a granular impurity, see Vega Reyes et al. 2008) , the Couette flows obey hydrodynamic equations that share the same structure with those at Navier-Stokes order, albeit with new nonlinear transport coefficients andΓ(α), dependent on a constant shear rate, that would have to be calculated (Tij et al. 2001; Santos et al. 2004; Vega Reyes et al. 2008) .
The physical origin of the sometimes surprising behavior of the temperature profile is the temperature dependence of the hydrodynamic transport coefficients, combined with the effects of constant pressure. Consider, for example, the case of a linear temperature profile when collisional cooling exceeds viscous heating. If the transport coefficients were approximately constant, the heat flux would be constant across the system, and there would be no flux to replace the energy lost to collisional cooling. However, in the granulodynamic equations the heat flux is actually proportional to √ T dT /dy, and therefore is not in general constant for a linear temperature profile. In the case of the linear profile, the decrease in heat flux from the hot side of the system to the cold side compensates for the collisional cooling. A perhaps surprising result is that if this balance is satisfied at one point in the flow, it is satisfied everywhere (or, more generally, that the curvature of the temperature profile is constant, even though the temperature and density are not). This is because the hydrodynamic fields scale in the same way as the pressure, which is constant across the system. In (a) the Navier-Stokes theory predictsγ = 0.117, which compares well with DSMC data from which we measured γ = 0.114 (2.6% difference). In (b) we extract from DSMC data a valueγ = 0.091, for which the theoretical prediction forΓ(α) isΓ(α) = 1.101 × 10 −3 , which compares well with the DSMC valueΓ(α) = 1.12 × 10 −3 (1.7% difference).
The states that we have described should be observable in molecular dynamics simulations or, in principle, experiments. The temperature and/or heat flux of the sheared granular gas at the boundary is determined by the physical properties of the shearing walls (roughness, friction, etc.). Starting, for example, from symmetric relatively smooth walls, and then systematically increasing the roughness of one wall, the flow states we have identified can be explored.
The unidimensional steady states analyzed here are the starting point for more complex studies on granular fluid flow. As an illustration, we comment on two possible applications for our results in areas where we are already working. One consists in taking advantage of the fact that the linearT (û) shows exactly the same transport properties and rheology as the USF in the regime beyond Navier-Stokes order (Vega Reyes et al. 2008 ). This will allow the measurement of heat flux transport coefficients directly from a numerical solution of the Boltzmann equation in steady state, something that was not possible previously, and that is of interest in theoretical works (Lutsko 2006; Garzó 2006) . Preliminary DSMC results confirm that this state appears also beyond NS order †. Another possible application on which we are working is the classical segregation problem of the Brazil-nut effect for a granular impurity. Theoretical criteria use the hypothesis of constant temperature profileT (ŷ) (Jenkins & Yoon 2002) , or of a temperature profile with no sign inversion of its first derivative (Garzó 2008) . Careful analysis of the results in the present work will help finding systematically the conditions where this latter assumption holds, for which taking as reference a linearT (ŷ) may be the best choice. With this, a reliable method for impurity unmixing in granular gases may be devised.
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